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V O L T A G E - C U R R E N T  C H A R A C T E R I S T I C  OF GAS 

D I S C H A R G E  W I T H  E X T E R N A L  I O N I Z A T I O N  

E. V. C h e k h u n o v  UDC537.521 

Steady-state solutions of the discharge equations were obtained in [1] for a range of values of the exter-  
nal ionization source strength Q, discharge current j, and voltage U such that there was no impact ioniza- 
tion in the positive column, and the voltage was below the breakdown value. 

The present paper t reats  a broader range of variation of Q, j, and U; inparticular,  currents are con- 
sidered for which impact ionization in the positive column is important, and the voltage is above the break- 
down value. 

Gas discharge with external ionization can be described by the following equations [1, 2]: 

Oq_ 01_ 
ot ~ -~x v:]_ 4 Q - ~q-q+, Oq+ ~i+ = Ot Ox czj_ + Q - ~q_q+, 

d p_) 
OE t 

= - ~ ( q - - - q + ) ,  j - (O)=Tj+(O) ,  j+(d)=O,  S E d x = U '  
0 

where q_ and q+ are the electron and ion charge densities, j_ and j+ are the electron and ion current densi- 
t ies,  a is the impact ionization coefficient, fi is the recombination coefficient, and y is the coefficient of sec- 
ondary emission at the cathode resulting from ion impact. 

We use the same parameters for nitrogen as in [1]. The pressure is assumed atmospheric, and y = 0.01. 
The method of finding numerical steady-state and transient solutions of system (1) is described in [1]. 

Moscow. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 4, pp. 16-19, July- 
August, 1979. Original article submitted June 14, 1978. 

0021-8944/79/2004-0403507.50 �9 1980 Plenum Publishing Corporation 403 



, I a I I ! U, kVr----- / P t . ~  
b,kV ! ]d, cm I c F'. 10=0,1C/cm~ ~ r  
: I  t 1 A,o-, I I I  , 

i t I , / I  I , 1 t l  
, /  [ Y\\\I//,! . .  [ 

/ I  L. . ] , i ' -  x~._... .__ 1 /  l #  I i , > 1 %  ~t ~ .  I 

i i i -3 - ~ -3 

,+ :3  �9 '+Oe ., ',A/am z I0  "~ I 0 - '  I 0 '  7, A/em z 

U ,  k V  I ] $ ! 
b 0=1o C/era -see /~. d, em 

/ ! i  _ ,  

er- i t ) ' : '  
I I / i  
I ,, 

I L ~ / . / '  !~.~- 

0 !0  -3 

d 
U, kV ' -z ~ '  

, Ql=,o C/c,( ,  �9 sec o 

i ' I 

0 10 - z  

10 -'~ 10-e fOOl, A/cm z 

Fig. 1 

F igu re s  l a - d  show the cathode ~31 Uc (curve  1), the anode fall  Ua (curve  2), and the cathode and 
anode a r c ing  d i s tances  d c (curve  1)) and d a (curve  2 w) with ex te rna l  ionizat ion for an ex t e rna l  ionization 
s o u r c e  s t r eng th  Q = 1 0 , 1 0 ,  1 0 - ,  and 10 -3 C / c m  s �9 sec as functions of the d i scha rge  c u r r e n t  j (for Q = 10 ~ 
C / c m  3 �9 sec  the anode fall  is  not shown s ince it is negliga'bly sma l l ) .  

A c o m p a r i s o n  of Fig.  l a - d  shows that  for  the s a m e  c u r r e n t  the cathode fal l  is a lways l a r g e r  for s m a l l e r  
va lues  of Q. F o r  Q _ 10 C / c m  s �9 sec  the cathode fal l  i n c r e a s e s  monotonica l ly  with inc reas ing  d i scharge  c u r -  
rent .  Since for Q _< 10 -1 C / c m  s. s e c t h e  cathode fal l  is a nonmonotonic function of j, for  these  values  of Q the  
v o l t a g e - c u r r e n t  c h a r a c t e r i s t i c s  of  the d i scha rge  can have  a sec t ion  of negat ive  conductivi ty [1, 2]. For  
l a r g e r  c u r r e n t s  when ~j- >> Q in the pos i t ive  column,  the cathode fal l  does not depend on Q, and i n c r e a s e s  
with inc reas ing  cu r r en t .  

A c o m p a r i s o n  of Fig.  l b - d  shows that  for  the s a m e  d i scha rge  c u r r e n t  the anode fall  is a lways s m a l l e r  
than the cathode fall ,  and is  s ignif icant  only for  r e l a t i ve ly  sma l l  va lues  of Q over  a na r row  range  of j va lues .  

Knowledge of the cathode and anode fal ls  p e r m i t s  the cons t ruc t ion  of v o l t a g e - c u r r e n t  c h a r a c t e r i s t i c s  of  
the d i scha rge  for i n t e r e l ec t rode  d i s tances  such that  d a + d c < d. In th i s  c a s e t h e t o t a l p o t e n t i a l d r o p i s U  = U c +  
~3a + E0(d - d c  - e t a ) ,  where  E 0 is the e l e c t r i c  f ield intensi ty  in the pos i t ive  column, and is  found f r o m  the 
equat ion ~j_ + Q - / 3q -q+  = 0. 

A c o m p a r i s o n  of Fig. l a - d  shows that  for  the s a m e  d i scharge  c u r r e n t  the sum of d c and d a is s m a l l e r  
the l a r g e r  Q. 

We fix the i n t e r e l ec t rode  d is tance  a t  d = 0.02 em.  

It  is c l ea r  f r o m  Fig. l a  and b that  for Q >_ 10 C / c m  3. sec ,  d c + d a < 0.09 cm over  the whole range  of j 
va lues .  Curve  3 of  Fig.  l b  shows the v o l t a g e - c u r r e n t  c h a r a c t e r i s t i c  obtained by  the method indicated above. 

F igu re  l c  and d show that  for  Q _ 10 -1 C / c m  s. sec the sum of dc and d a is g r e a t e r  than 0.02 c m  over  
a c e r t a i n x a n g e  of j va lues .  We show how to cons t ruc t  the v o l t a g e - c u r r e n t  c h a r a c t e r i s t i c  in this case .  

I m p a c t  ionizat ion is insignif icant  for  sma l l  vol tages .  Charges  a r e  ex t rac ted  f r o m  the cathode sheath and 
the cathode fall  is  produced,  a c r o s s  which p r ac t i c a l l y  the whole applied potent ia l  d i f ference  occurs .  R e c o m -  
binat ions  can  b e  neglec ted  in the cathode sheath.  Then  the s t e a d y - s t a t e  solution of (1) which is valid up to the 
vol tage  U = ( d 2 / 2 ) ~ +  has  the fo rm (the por t ion  up to point A on curve  3 of Fig. lc ) :  

d ~ 
] = (1 -I- '1') Qde,. U = :-~V Qp/ep.+, 

where  # § is  the ion mobi l i ty  and p is the p r e s s u r e  of the gas.  At l a r g e r  vo l tages  the cu r r en t  densi ty  a p -  
p roaches  sa tu ra t ion  (the por t ion  be tween points A and B on curve  3 of Fig. l c ) :  
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j = (i + v)qd.  

For  a fu r the r  i nc r ea s e  in U impac t  ionizat ion begins  to play a ro le .  Since 0 E / 0 x  << E/d ,  E = U/d ,  i t  
is  poss ib le  to se t  ~ = const.  In th is  case  the solut ion has  the f o r m  (the por t ion  be tween  points B and C on 
cu rve  3 of Fig. lc )  

] ~ Q (1 +'~) [exp (~d) -- t] 
~- t -- T [exp (ad) -- i} " (2) 

T h e  s h a r p  jump in the v o l t a g e - c u r r e n t  c h a r a c t e r i s t i c  a t  the vol tage U,  can be unders tood by  c o n s i d e r -  
ing the t e m p o r a l  evolut ion of the d i scharge .  

F igu re  2 shows the t ime  dependence of the c u r r e n t  for U = 1.05 kV < U, (curve  1) and 1.1 k~ > U, 
(curve  2). At t = 0 the cha rge  densi ty  q_ = q+ = ~ was given. Af te r  a t ime  of the orcler of �9 = d/v_, 
whe re  v-  = /~-U/pd, e l ec t rons  a r e  ex t r ac t ed  f r o m  the in te re lec t rode  gap, the field is d i s to r ted ,  and[ impac t  
ionizat ion i n c r e a s e s .  When U = 1.05 kV < U,  impac t  ionizat ion does  not comple te ly  compensa te  the p r o c e s s  
of ex t r ac t ion  of ions f r o m  the in te re lec t rode  gap, the field d is tor t ion  d e c r e a s e s  with t ime ,  and the s t e a d y -  
s ta te  solut ion (2) holds.  When U = 1.1 kV > U,, c h a r g e s  accumula te  in the in te re lec t rode  gap as  a r e s u l t  of 
impac t  ionization,  the c u r r e n t s  i n c r e a s e ,  and the solution goes  over  into the quas i s t a t iona ry  r e g i m e  with a 
pos i t ive  co lumn and cathode and anode fal ls .  

F igu re  2 shows the t ime  dependence of the mul t ip l ica t ion  fac tor  # = y [exp ( f d  adx) - 1]. When U = 
0 

1.05 kV < U,  (curve  1,) ~ is  a lways  l e s s  t l~n  1. When U = 1.1 kv > IT, (curve  2 '  ) # b e c o m e s  g r e a t e r  than 1 
dur ing the  ex t r ac t ion  of e lec t rons .  

Thus ,  the de te rmina t ion  of the b reakdown vol tage U ,  is reduced to the solution of the equation T [ exp 

( J ~ d x )  - 1 ]  = 1, where  the field E is l inear  in x, and its s lope is de te rmined  f rom the ini t ial  ion densi ty  
0 

q+ = ~ / Q / f l .  As Q ~ 0 the b reakdown vol tage IT, app roaches  the b reakdown vol tage for a uni form field E, 
which for our  p a r a m e t e r s  is 

Ubr = i.35 kV. 

F o r  vo l tages  l a r g e r  than U .  the s t e a d y - s t a t e  solution of (1) en t e r s  the b r anch  co r respond ing  to d i s -  
cha rge  c u r r e n t s  for  which ~j_ >> Q in the pos i t ive  column. 

We note tha t  the s t e a d y - s t a t e  solution of (1) depends on the init ial  conditions. Th i s  is r e l a t ed  to the fact  
tha t  the b reakdown  vol tage  U ,  genera l ly  depends on the ini t ial  charge  densi ty  and not on Q. If, for example ,  
for  Q = 0.1 C / c m  3. sec  the ini t ial  cha rge  densi ty  is l a r g e r  than q_ = q+ = ~ / Q / f l ,  a n d  U = 1.05 kV, the s t e ad y -  
s ta te  solut ion with a posi t ive  column and cathode and anode fal ls  is r ea l i zed  and not (2). Thus ,  the cu r r en t  - 
vo l tage  c h a r a c t e r i s t i c s  shown in Fig. l b  and c a r e  for an init ial  charge  densi ty  q_ = q+ = ~ .  

A s t e a d y - s t a t e  solut ion of (1) ex i s t s  for  any vol tages  and any ex te rna l  ionization sou rce  s t rength.  But 
for l a r g e r  c u r r e n t  dens i t ies  a s teady d i scha rge  cannot  be  r ea l i zed  because  of a d i f ferent  kind of instabi l i ty  
[2, 3]. However ,  i t  is known [4] that  for  vo l tages  even  twice a s  l a rge  a s  the b reakdown vol tage the re  is a phase  
of vo lume a rc ing  of the d i scha rge  which is desc r ibed  by  (1). For  d = 0.02 c m  and such vol tages  (U ~ 2.7 kV) 
nanoseconds  a r e  r equ i r ed  to r e a c h  a quas i s t a t i ona ry  r eg ime .  Since the growth t ime  of ins tabi l i t ies  is longer ,  
fo r  a c e r t a i n  t ime  a r e g i m e  of vo lume d i scha rge  with c h a r a c t e r i s t i c s  shown in Fig. 1 is rea l ized .  

An e s t i m a t e  of the a rc ing  t i m e  of a vo lume d i scha rge  is  beyong the scope of the p re sen t  work.  
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D I R E C T  

W I T H  A 

E L E C T R I C  C U R R E N T  IN A M E D I U M  

L A R G E  N U M B E R  OF C R A C K S  

S .  K .  K a n a u n  U D C 5 3 9 . 3  

The solution of the problem of an electrostat ic  field and a field ofd i rec t  electr ic  current  in a medium 
containing a large number of randomly arranged cracks is the theoretical  basis for some important methods 
of nondestructive checking of damage to mater ia ls  (e.g., metals,  rocks) [1, 2]. 

In the present  study we propose an approach for finding the multipoint moments of a statistical solution 
of this problem. For  the case of a d i rect  electr ic  current  we consider a method of constructing the means 
(mathematical expectations) and correlat ion functions of the current  and voltage vector fields with an electr ic  
field in a medium with cracks.  

In recent  years  there  have been a great  many studies devoted to the description of the effective thermal ,  
electr ical ,  and magnetic propert ies  of inhomogeneous materials  (see, e.g., [3]). The problem of co~strttcting 
the effective parameters  of an inhomogeneous medium reduces ~ calculating the mean value of the random 
field of the solution. For some stochastic s tructures this problem admits of fairly good approximate, or even 
exact, solutions (exact summation of ser ies  of perturbation theory). However, in calculating the variance of 
the solution, when we construct the correlat ion functions in terms of which we can express,  e.g., the mean 
energy density of the field, visible resul ts  can be obtained only for the case of weak inhomogeneity, where we 
confine ourselves to the f i rs t  te rms of the ser ies  of perturbation theory [4]. 

In the specific case of a medium containing a field of isolated inhomngeneRies, a number of authors 
have used the effective (self-consistent)  field method, which is well known in many-part icle theory. 

It should be noted that the idea of self-consistency for describing the effective properties of an inhomo- 
genons medium can be used in various forms. In [5, 6] self-consistent solutions of an electr ical  conduction 
problem were constructed on the basis of the assumption that each typical inhomogeneity - for example, a 
polycrystal  grain ' -behaves as if it were isolated in a homogeneous medium whose properties coincide with 
the effective propert ies  of the entire medium, while the field in which such an inhomogeneity is situated was 
taken to be equal to the external  field. Such a modification of the method is sometimes called the effective- 
medium method [7]. 

In the present  study, in constructing a self-consistent  solution for a medium containing plane elliptical 
cracks,  it is assumed that each crack behaves as if it were isolated in a principal medium with known proper -  
t ies,  and the presence of the surrounding cracks is taken into account by means of the effective field in which 
it is situated. Unlike the usual formulations of the method, in which the effective field is chosen to be the same 
for all part icles [8], here  we assume that this field is random, varying from crack to crack. To construct the 
equations which will be satisfied by the statistical moments of the effective field, we make use of a procedure 
of the "smoothing" type [9], in which the chain of equations connecting all the multipoint moments of the solu- 
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